Context. PG 1159-035, a pre-white dwarf with T eff ≃ 140 000 K, is the prototype of the PG 1159 spectroscopic class and the DOV pulsating class. Pulsating pre-white dwarf stars evolve rapidly: the effective surface temperature decreases rapidly, the envelope contracts and the inner structure experiences stratification due to gravitational settling. These changes in the star generate variations in its oscillation periods. The measurement of temporal change in the oscillation periods,Ṗ, allows us to estimate directly rates of stellar evolutionary changes, such as the cooling rate and the envelope contraction rate, providing a way to test and refine evolutionary models for pre-white dwarf pulsating stars. Aims. Previously, only two pulsation modes of the highest amplitudes for PG 1159-035 have had theirṖ measured: the 516.0 s and the 539.3 s modes. We measured theṖ of a larger number of pulsation modes, increasing the number of constraints for evolutionary studies of PG 1159-035. We attempted to use the secular variations in the periods of multiplets to calculate the variation in the rotational period, the envelope contraction rate, and the cooling rate of the star. Methods. The period variations were measured directly from the PG 1159-035 observational data and refined by the (O-C) method. Results. We measured 27 pulsation mode period changes. The periods varied at rates of between 1 and 100 ms/yr, and several can be directly measured with a relative standard uncertainty below 10%. For the 516.0 s mode (the highest in amplitude) in particular, not only the value ofṖ can be measured directly with a relative standard uncertainty of 2%, but the second order period change,P, can also be calculated reliably. By using the (O-C) method, we refined theṖs and estimated thePs for six other pulsation periods. As a first application, we calculated the change in the PG 1559-035 rotation period,Ṗ rot = (−2.13 ± 0.05) × 10 −6 ss −1 , the envelope contraction rateṘ = (−2.2 ± 0.5) × 10 −13 R ⊙ s −1 , and the cooling rateṪ = −1.42 × 10 −3 Ks −1 .
Introduction
PG 1159-035 is the prototype of two star classes: the PG1159 spectroscopic class and the DOV pulsating class, discovered by McGraw et al. (1979) . The estimated temperature for PG 1159-035 is 140 000±5 000 K (Werner et al. 1991; Dreizler et al. 1998; Jahn et al. 2007) , which places this star in the pre-white dwarf sequence of the Hertzsprung-Russell diagram.
Analyzing the light curve obtained by the Whole Earth Telescope (WET) (Nather et al. 1990 ) in the 1989 campaign, Winget et al. (1991) (henceforth W91) identified 122 pulsation modes in PG 1159-035 with periods between 300 and 1000 seconds, and spherical harmonic index ℓ = 1 or ℓ = 2. The excellent results allowed W91 to calculate the asteroseismological mass of the star (M/M ⊙ ≃ 0.59) and several other stellar parameters, such as the rotation period (P rot = 1.38 ± 0.01 days), the inclination of the rotation axis (i ≃ 60 o ), and a limit to the magnetic field strength (B < 6000 G). Costa et al. (2008) , analyzing the PG 1159-035 combined data sets from 1983, 1985, 1989, 1993, and 2002 , increased the number of identified pulsation modes to 198, the largest after the Sun, refining the determination of the rotation period (P rot = 1.3920 ± 0.0008 days) and other stellar parameters previously estimated by W91. The comparison of the Fourier transforms of light curves from different years indicates that the amplitudes of the pulsation modes change with time, and their intensities in the light curves can decrease to lower than the Send offprint requests to: 00112740@ufrgs.br lower limit for reliable detection. Of the 198 detected modes, about 75% appear in only one of the FTs, about 25% in two or more FTs, and only 14 of the 198 pulsation modes (all of them with index ℓ = 1) appear in the five FTs.
About 97% of all stars end their evolution as white dwarfs. The pre-white dwarf stage is one of the "front doors" to the white dwarf cooling sequence. There are two evolutionary channels that are known to occur prior to the white dwarf stage. The first channel involves the evolution of the star from the Horizontal Branch to white dwarf by means of the Asymptotic Giant Branch (AGB), the Planetary Nebula phase, and PG1159 type stars. In the second channel, the star evolves directly from the Extended Horizontal Branch to the white dwarf stage, but without passing through the Planetary Nebula phase.
In its evolution, a pre-white dwarf star can traverse the DOV (PG1159 or GW Vir) instability strip, becoming a multiperiodic non-radial pulsating star, of periods between 100 and 1000 seconds. The exact values of the pulsation periods are defined by the mass, temperature, rotation, magnetic field, and structural characteristics of the star. While it passes through the DOV/PNNV instability strip, the star cools, its envelope contracts, and its interior experiences stratification due to the gravitational settling. As a consequence, the pulsation periods change with time. The hotter the star is, the quicker are the changes in its pulsation periods. For example, in G117-B15A, a DAV white dwarf star with T eff ≃ 12, 000 K, the highest amplitude period, 215 s, changes 1 second in 8 million years, while in the hotter DOV star, PG 11559-035, with T eff ≃ 140, 000 K, the 516 s period, the one of the highest amplitude, changes 1 second in only 350 years.
This work is a complementary study of the results obtained in Costa et al. (2008) . We used the measured periods in the PG 1159-035 light curves of the 1983-2002 data sets to calculate the secular variation in several pulsation modes of PG 1159-035, enlarging the number of constraints for future evolutionary studies of this star. As an immediate application, we show in Sect. 4 how the measuredṖs in a multiplet can be used to calculate the cooling rate of the star, the envelope contraction rate and the variation in the rotational period. Part of the procedure used here was proposed by Kawaler et al. (1985a) , Kawaler (1986) and other authors, but was never applied to (pre-)white dwarf stars because this requires precise period andṖ determinations. As highlighted in Sect. 4, the calculations are based on many hypothesis about the interior of the star, but it is a first approach taking into account the available observational data. PG 1159-035 is the first and only white dwarf in which we can apply these theories and test their limitations and reliability.
Measurement of secular changes in period

Period as a function of time
If we assume that a pulsation period P is a continuous and smooth function of time, P = P(t), then it can be expanded in terms of a Taylor series,
(1)
where t o is an instant of time used as reference and d n P/dt n are the period derivatives of n th order. In the above equation, the number of terms that must be considered depends on the values of the derivatives and the time interval ∆t = t − t o covered by the observational data. For DAV pulsating stars, which evolve more slowly, the terms higher than first order can be neglected, but for DOV stars (and even some DBV stars), it is necessary to consider the second order term,
where P o = P(t o ) andṖ o andP o are the first and second order derivatives, respectively, calculated at t = t o ,
Direct measurement ofṖ
If a period P changes linearly during the time interval ∆t (P ≃ 0), theṖ accuracy, σṖ, considering two measurements only, can be estimated by
where σ P is the uncertainty in the period determination. For PG 1159-035, σ P has values of between ∼ 0.002 and 0.2 seconds. For ∆t = 19 yr, we are able to measure directlyṖ over ∼ 3 × 10 −12 ss −1 for the most accurately determined periods and over ∼ 1.6 × 10 −10 ss −1 for the others. In other words, with the 19-year dataset it is not possible to measure directlyṖ below ∼ 3 × 10 −12 ss −1 , even for the most accurately measured periods. However, we can use the (O-C) method discussed in Sect. 2.3 to estimateṖ below this limit and improve all results obtained by direct measurement.
The (O-C) method
The (O-C) method (see e.g. Kepler 1993 ) is the most wellestablished method for the measurement of secular changes in pulsating star periods. Practically, its efficiency has been demonstrated by studies of several pulsating stars, such as the DAV star G117-B15A (Kepler et al. 2005a; Kepler et al. 2005b ) and the DBV star R548 (Mukadam et al. 2003) .
By definition, the period of a periodic signal is the derivative of the time, t, relative to the cycle fraction (epoch), E:
From this definition, we can derive an equation to determine the instant of time at which a maximum in the pulsation cycle occurs, T max , in terms of a power series of the cycle number,
where We note that the number of cycles E calculated in the second step can be biased if the initial values in the first step are not sufficiently good, since generally they are not. In this case, we need to take into account the bias calculating the uncertainties in E and considering all possible combinations of the numbers of cycle. For each combination, we derive a possible solution in the third step. The most likely solution is the highest probability one (fitting with lower χ 2 ). Even when direct measurement cannot be achieved, the period versus time plot indicates that the hypothesis stating that the period smoothly changes with time is false (assuming that the periods and their uncertainties are well determined). In this case, we cannot use the (O-C) method. period uncertainties, σ P , were calculated from nonlinear fitting of sinusoidal curves for all the detected frequencies, using the Levenberg-Marquardt method. Monte Carlo simulations of synthetic light curves for PG 1159-035, as proposed by Costa & Kepler (2000) , indicate that the calculated uncertainties in period (and also in phase and amplitude) are excellent when the pulsation frequencies are solved and the amplitudes are constant. However, the calculated uncertainties can be underestimated for modes with amplitudes that change during the observations or for non-solved frequencies. Figure 2 shows the period (in seconds) versus time (in years) plots for all the modes detected in three or more FTs. Above each graph, there is the average period (in seconds) and the (ℓ, m, k) indices of the pulsation mode (the k index has an uncertainty ±2). The error bars represent the 1σ uncertainties in the period measurement. The slope of the fitted curve is indicated at the top of each graph.
Period changes in PG 1159-035
Direct measurement
In most cases, the points distribution is consistent statistically with a linear fit, taking into account the uncertainties in the period measurements. This is particularly notable in the cases of the 422.5 s, 427.5 s, 440.6 s, 494.8 s, 516.0 s, and 517.1 s pulsation modes. In the 451.5 s, 493.7 s, 536.9 s, and 819.7 s plots, the points are scattered with large dispersions relative to the straight lines. It is possible that some points with lower confidence levels have been mistakenly identified. The measuredṖ for the pulsation modes in Fig. 2 
(O-C) method
We used the directly measuredṖ as initial values (settingP = 0) in the (O-C) method to refine theṖ and periods of the modes present in three or more FTs. With three points only, the fitting provides preliminary values for future calculations. We also used the (O-C) method to calculateP of the modes present in four or five of the FTs. Our most accurate results are given in Table 2 . The accuracy of theṖ determination is, in general, two orders of magnitude smaller than that of direct measurement. We note that the (O-C) fitting assumes that the periods change smoothly with time. If the changes are not smooth or if they depend on higher order terms, the (O-C) can produce incorrect results. It is also important to note that although the most suitable solution is the most probable one, it is not necessarily the true solution and no solution has an uncertainty of below 1%. Future photometric observations of PG 1159-035 should confirm or discard our results.
We comment on three particular cases: changes in the 516.0 s, 517.1 s, and 539.1 s periods. The two first cases were identified by W91 and Costa et al. (2008) as the m = +1 and m = 0 components, respectively, of the triplet (ℓ = 1) with radial index k = 20 ± 2; they are used in Sect. 4 to calculate PG 1159-035 evolutionary rates. The 516.0 s mode is clearly present in the FT of all data sets. The same occurs with the 517.1 s mode, apart from the 2002 FT. The 539.1 s period was identified as the component m = −1 of the k = 21 ± 2 triplet and was the second period to have itsṖ determined (Costa et al. 1995) .
The 516.0 s mode
The 516.0 s pulsation mode (ℓ = 1, m = +1, k = 20 ± 2) is one of the highest amplitude modes of PG 1159-035. Using the 1983 , 1985 , 1989 , and 1993 data sets, Costa et al. (1999 achieved the first direct measurement of period change in a (pre-)white dwarf, derivingṖ 516 = (+13.0±2.6)×10
−11 ss −1 . They refined this value with the (second order) (O-C) method findingṖ 516 = (+13.07 ± 0.03) × 10 −11 ss −1 .
Fitting the curve P = P o +Ṗ (t − T o ) to the data in Table 1 , we obtainṖ = (+18.2 ± 0.8) × 10 −11 ss −1 ; using this value as the initial value in the third order (O-C) fitting, we determine as the best-fit solution T o = 244 7593.33920 ± 0.00003 (BCT), P o = 517.16755 ± 0.00009 seconds,Ṗ o = (+15.172 ± 0.045) × 10
−20 ss −1 . The (O-C) results differs by ∼ 3.7σ from the directly measured one. This difference is, at least partially, due to introduction of the third order term.
The 539.3 s mode
The 539.3 s pulsation mode, identified ℓ = 1, m = −1, and k = 21 ± 2 was detected in the 1983, 1989, and 1993 FTs only and was the second period for whichṖ was measured. Costa et al. (1995) used the (O-C) method applied to the same data sets to calculate itsṖ, obtainingṖ = (−0.82 ± 0.04) × 10 −11 ss −1 . Using the same data sets but with an improved data reduction process, and frequency determination we obtainedṖ = (−1.5 ± 0.4) × 10 −11 ss −1 from the direct measurement andṖ = (−0.339 ± 0.015) × 10 −11 ss −1 , T o = 244 7593.33895 ± 0.00002 (BCT), and P o = 539.35572 ± 0.00001 seconds from the (O-C) fitting. The large difference between the present (O-C) result and the (O-C) result obtained by Costa et al. (1995) is because in this previous work the times of maximum and their uncertainties were calculated using a linear fitting by a single sinusoidal curve. As demonstrated by Costa et al. (1999) and Costa & Kepler (2000) , the linear fitting does not take into account the interference of the other pulsation modes over the fitted mode and underestimate the calculated uncertainties.
Application: calculating evolutionary timescales
Variation in the stellar rotation period
The observed frequency spacings between the m 0 components and the central (m = 0) peak of a multiplet are caused by a combination of the effect of the stellar rotation and the effect of the magnetic field of the star over the observed pulsation frequencies (see e.g. Jones et al. 1989) :
To a first-order approximation, the rotation splitting δν rot, m is proportional to the angular rotation frequency Ω rot multiplied by 
where C and D are constants. Costa et al. (2008) demonstrated that the PG 1159-035 magnetic strength is weak, B < 2 000 G, and that the contribution of the average magnetic splitting in the total observed splitting is lower than 1% (δν mag,m = 0.007 ± 0.002 µHz), which allows us to approximate Eq. 9 with:
The proportionality constant C can be rewritten (Hansen et al. 1977) as
where C 0 is the uniform rotation coefficient that depends on k and ℓ, and equals C 0 = C 0 (k, ℓ), and C 1 , related to nonuniform rotation effects, is a function of k, ℓ and |m|, and equals C 1 = C 1 (k, ℓ, |m|). The second coefficient depends on the adiabatic pulsation properties, equilibrium structure, and rotation law. If we assume uniform rotation, C 1 = 0 and then C ≃ 1 − C 0 . In the asymptotic limit with high radial overtones (k >> 1), the uniform rotation coefficient can be approximated by (Brickhill 1975 ) C 0 ≃ [ℓ (ℓ + 1)] −1 . For ℓ = 1 modes, C 0 ≃ 1/2, C ≃ 1/2, and Eq. 10 can be rewritten as:
This approximation is accurate to about 5% for the PG 1159-035 frequency splittings ).
Deriving both sides of the equation above relative to time,
or in terms of periods,
whereṖ rot is the instantaneous rotation period change rate. Taking the time derivative of Eq. 14 we obtain the second derivativeP rot :
In Eq. 16, the second term is the dominant term for PG 1159-035 and the other two terms can be neglected:
We note that with at least two well-determinedṖ in a triplet, we are able to calculate the rotation period change rate,Ṗ rot , using Eq. 14. IfP 0 andP m are both known, we can also calculateP rot from Eq. 16. Using the (O-C) method results for the (m = 0) 517.1 s and the (m = +1) 516.0 s modes and the rotation period, P rot = 1.3920 ± 0.0008 days , in Eq. 14 and Eq. 16, we obtain: P rot ≃ (−2.13 ± 0.05) × 10 −6 ss −1 and (17)
Using the direct method results, the rates areṖ rot ≃ (−2.5±0.3)× 10 −6 ss −1 andP rot ≃ (+8.0 ± 8.8) × 10 −14 ss −2 . The accuracy ofṖ rot measured by Eq. 14 depends strongly on the accuracies ofṖ m andṖ 0 , far more than on the accuracies of the pulsation periods or rotation period. Keeping unchanged σṖ 0 and σṖ m and increasing the uncertainties in P 0 and P m by a factor of 10, theṖ rot uncertainty is almost unaffected, although it changes sensitively with σṖ 0 and σṖ m . However, the uncertainties in the period determination, σ P m , affect indirectly theṖ rot uncertainty, because both σṖ 0 and σṖ m depend on σ P m and σ P 0 . If the period uncertainty are then underestimated, the uncertainty inṖ rot must also be. The results above and the following results are discussed in the final section of this article.
The contraction rate
We now calculate the contraction timescale, R/Ṙ, and contraction rate,Ṙ. For a star of uniform rotation and negligible mass loss (Kawaler 1986; Costa et al. 1999) ,
Using the result above forṖ rot , we obtain:
which is equivalent tȯ
If we use the radius predicted by evolutionary models for PG 1159-035 by Kawaler & Bradley (1994) R ⋆ = (0.025 ± 0.005) R ⊙ , the radius change rateṘ would be:
Using an approximation of the 517.1 s modeṖ and following the same steps, Costa et al. (1999) derivedṘ/R ≃ (−4 ± 15) × 10 −11 s −1 . With the measurement ofṖ of the 517.1 s mode, the obtained value for the contraction rate is far more constrained, but, as pointed out by the authors, more realistic estimations oḟ R/R must use differential rotation at least for the outer layer of the star. Models for differentially rotating white dwarf stars calculated by Ostriker & Bondenheimer (1968) suggest that the center rotates more rapidly than the outer layers, but not significantly so i.e. Ω surface /Ω center > 0.2. In this case, ourṘ/R calculated from Eq.19 must be seen as an upper limit for the actual value:
The cooling rate
We can now obtain a first estimate for the PG 1159-035 cooling rate,Ṫ . The changes in period are related to two physical processes in the star: the cooling of the star and the envelope contraction (see e.g. Winget et al. 1983; Kawaler et al. 1985a) :
where P is the pulsation period (for the m = 0 multiplet component), T m is the temperature at the region where the model's weight function has maximum weight (where we emphasize that T m is the temperature, not the time of maximum, T max ), R is the stellar radius, andṖ,Ṫ m , andṘ, are the respective temporal variation rates. The constants a and b are positive numbers and, roughly, a ≃ 1/2 and b ≃ 1 (Kawaler et al. 1985b) . Then,
UsingṖ/P = +2.94 × 10 −13 s −1 for the (m = 0) 517.0 s pulsation mode, we obtaiṅ
SinceṘ/R = 0.89 × 10 −11 s−1, Eq. 25 implies that the PG 1159-035 temporal change in period is controlled far more by the stellar cooling than by the contraction of its envelope, as expected. The evolution of white dwarf and pre-white dwarf stars is dominated by cooling, but in hot pre-white dwarfs, the envelope contraction is still significant.
In bright pulsators such as PG 1159-035 ( Log(L/L ⊙ ) ≃ 2.6), the weight function reaches a maximum closer to the core of the star (Kawaler et al. 1985b ). If we assume T m ≃ T core ≃ 7.72×10 
Summary and discussion
The main results of our present work are:
1. The PG 1159-035 pulsation periods vary at rates of between 0.5 and 1.0 ms/years. For the WET data sets, the accuracy in the period determination is 10 ms for the least accurate cases (low amplitudes) and 1 ms for the most accurate ones, which enables the direct measurement of the pulsation periods after a few years of observation. After 19 years of observations, theṖ of the 516.0 s mode (one of the modes with higher amplitude) was measured with a relative standard uncertainty (σṖ/ |Ṗ| of 2% and itsP could be estimated with relative standard uncertainty of 10%. Our results demonstrate that some periods decrease, while others increase, at different rates, even for the same multiplet components. Evolutionary models calculated by Kawaler & Bradley (1994) and the La Plata group Althaus et al. 2008) predict that theṖ of (ℓ = 1 and m = 0) pulsation modes must have different values and signs (some increase, while other decrease) due to the trapping of pulsation modes in different layers of the star, but the calculated values do not fit the observedṖs. The interior, evolution, and pulsation mechanisms in PG 1159 stars are not well known. New models have been developed by the La Plata group to fit the observed results and will be published in a future article.
A negative value forṖ rot is expected, because pre-white dwarf stars such as PG 1159-035 undergo rapid envelope contraction processes. With contraction, the stellar radius decreases. To conserve angular momentum, the angular rotation speed must increase. In other words, its rotation period decreases, and thereforeṖ rot < 0. The shorter rotation periods observed in white dwarfs are of the order of few hours. This is the case, for example, for the DBV EC20058-5234 (P rot ≃ 2 h, Sullivan et al. 2008) and of the magnetic GD 356 (P rot = 2.6 h, Brinkworth et al. 2004) . If the PG 1159-035 rotation period changed from its current value to P rot = 2 h during the DOV phase (∼ 10 6 yr), the variation rate would beṖ rot ≃ −0.1 s/yr. However, the calculations in Sect. 4.1 estimate that the rotation period is changing at aṖ rot ≃ (−67 ± 2) s/year rate, far higher than expected andP rot is too excessively high to be physically acceptable. A possible explanation is that the second order effects of the stellar rotation over the rotational splitting are non-negligible as assumed in Eq. 9. The simplification of assuming a uniform rotation is also an error source in theṖ rot calculation, but the difference in the final result must not be larger than a factor of 10 (Ostriker & Bodenheimer 1968) . On the other hand, a high de/acceleration of the stellar rotation is expected if the star recently experienced a late thermal pulse (due to ejection of matter from the star) and this may be the case for PG 1159-035. We note that if |Ṗ rot | is overestimated, both the contraction rate |Ṙ| and the cooling rate |Ṫ | must also be overestimated.
The accuracy in the determination ofṖ rot by Eq. 14 depends strongly on the accuracies ofṖ m andṖ 0 , far more than on the period accuracies.
Although these first results are not fully understood, we have shown that several long-term campaigns appear to be reaching sufficient accuracy to interpret evolutionary changes. The last PG 1159-035 observational campaigns were carried out in 2002 by WET. New observations of PG 1159-035 in future years should allow the direct measurement of additional pulsation modesṖ andP and the refining of derived values to date, improving the calculation of the PG 1159-035 evolutionary rates. 
